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Uniqueness of differential characters and
differential K-theory via homological algebra
Ishan Mata
Abstract
In Proc Math Sci 129, 70(219), Rakesh Pawar considers and solves
a certain diagram extension problem. In this note, we observe that the
existence and uniqueness of differential characters (defined as objects
which fit into a certain hexagon diagram) follow directly from Rakesh
Pawar’s results. This provides an alternate proof of a weaker version
of J. Simons and D. Sullivan’s results (Journal of Topology, 2008,
1:45–56 ). Further, this approach directly shows that the hexagon
diagram uniquely determines the differential K-theory groups upto an
isomorphism.
1 Introduction
In the seminal work [1], J. Cheeger and J. Simons introduced and developed
the theory of differential characters. For a fixed smooth manifold M , they
defined the abelian group of differential characters Hˆk(M ;R/Z) as1
Hˆk(M ;R/Z) = {f : Hom(Zk−1(M),R/Z)|f ◦ δ ∈ Ω
k}. (1)
Cheeger and Simons show that there are short exact sequences :
0→ Hk−1(M ;R/Z)
j
−→ Hˆk(M ;R/Z)
curv
−−→ Ωk0(M)→ 0, (2)
and
0→
Ωk−1(M)
Ωk−10 (M)
i
−→ Hˆk(M ;R/Z)
c
−→ Hk(M ;Z)→ 0. (3)
Here Ωk0(M) stands for closed degree k forms with integral periods. They
further showed that the composition Hk−1(M ;R/Z)
j
−→ Hˆk(M ;R/Z)
c
−→
1Our convention of degrees differs from the one in original paper [1] where this group
is called Hˆk−1(M ;R/Z).
1
Hk(M ;Z) is−B where B is the Bockstein map; and the composition Ω
k−1(M)
Ωk−1
0
(M)
i
−→
Hˆk(M ;R/Z)
curv
−−→ Ωk0(M) is the exterior derivative d.
There are various other constructions of differential refinements of ordi-
nary singular cohomology in the literature, see for example [2, 3, 4, 5, 6]. It
is natural to ask whether these constructions are equivalent. In [7], Simons
and Sullivan provide an axiomatic characterization of differential cohomol-
ogy. They show that the following hexagon diagram with exact diagonals [7]
:
0 0
 
  ✒
❅
❅❅❘
Ωk−1(M)
Ωk−1
0
(M)
✲ Ωk0(M)
d
 
  ✒ ❅
❅❅❘
β i
 
  ✒ ❅
❅❅❘
curv s
 
  ✒
❅
❅❅❘
Hk−1(M ;R) Hˆk(M ;R/Z) Hk(M ;R)
❅
❅❅❘
α
 
  ✒ ❅
❅❅❘
j c
 
 ✒ ❅
❅❘
r
 
 ✒
Hk−1(M ;R/Z) ✲ Hk(M ;Z)
−B
❅
❅❅❘  
  ✒
0 0
Differential cohomology hexagon diagram
uniquely characterizes the ordinary differential cohomology functor upto a
natural equivalence (for a precise statement, see proposition 6). The long
exact sequence of the upper arrows is the long exact sequence in cohomology
corresponding to the short exact sequence 0 → Z → R → R/Z → 0. The
map β and s are induced by the the de-Rham morphism.
This axiomatization of differential cohomology is useful since it establishes
that different constructions of differential refinements of ordinary singular
cohomology are essentially equivalent. For example, since the Deligne coho-
mology functor [3] - defined as hypercohomology of a certain complex- fits
in the hexagon diagram [2], it follows that the Cheeger-Simons differential
character functor is naturally equivalent to the Deligne cohomology functor
via an equivalence compatible with the diagonal morphisms in the respective
hexagon diagrams.
Just as ordinary differential cohomology admits a differential refinement,
so do other generalised cohomology theories. Given a generalised cohomology
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theory represented by a spectrum, Hopkins and Singer gave a prescription [8]
for constructing its differential refinement. In particular one can construct
a differential version of K-theory using their prescription. In [9], Simons
and Sullivan construct another model of differential K-theory for compact
manifolds in terms of structured vector bundles. They show that their model
of differential K-theory fits in the following hexagon diagram with exact
diagonals :
0 0
 
  ✒
❅
❅❅❘
Ωodd(M)
ΩGL(M)
✲ ΩBGL(M)
d
 
  ✒ ❅
❅❅❘
ζ
i
 
  ✒ ❅
❅❅❘
curv s
 
  ✒ ❅
❅❅❘
Hodd(M ;C) Kˆ(M) Heven(M ;C)
❅
❅❅❘
χ
 
  ✒ ❅
❅❅❘
j
δ
 
  ✒ ❅
❅❅❘
r
 
  ✒
K(C/Z)(M) ✲ K(M)
−B
❅
❅❅❘  
  ✒
0 0
Differential K-theory hexagon diagram
They ask whether, like in the case of differential characters,
Question 1. Does the above hexagon diagram determine the differential K-
theory functor (from the category of compact manifolds to the category of
abelian groups) upto a natural equivalence compatible with the respective di-
agonal morphisms ?
In [10], Rakesh Pawar finds necessary and sufficient conditions for the
diagram
3
0 0
0 P E R 0
H F
0 S G Q 0
0 0
Diagram 1
with short exact rows and columns to extend to
0 0 0
0 P E R 0
0 H X F 0
0 S G Q 0
0 0 0
ν
µ j
i m
n
Diagram 2
with short exact rows and columns. He further gives conditions for unique-
ness of such extensions.
In this modest note, we wish to highlight that the results of Rakesh Pawar
directly imply (see proposition 7) the existence and uniqueness of differen-
tial character groups Hˆk(M)(defined as objects which fit into the hexagon
diagram with exact diagonals). Uniqueness of the functor Hˆk(−;R/Z) is a
stronger result, for which we do not have a complete proof. However, we
state a condition 8 which implies the full Simons-Sullivan result.
Similarly we note in proposition 10 that for any compact manifoldM , the
differential K-theory groups are uniquely determined upto an isomorphism
compatible with the respective diagonal maps, thereby partially answering a
4
question 1 of Simons and Sullivan. We give necessary and sufficient conditions
11 for an affirmative answer to the Simons-Sullivan question in full generality.
This note is organised as follows. In section 2 we summarize the theorems
of the article [10] that we need for our purposes. In 3 we state the uniqueness
results for differential characters and differential K-theory. These uniqueness
results are a direct corollary of Rakesh Pawar’s purely homological algebraic
results involving no topology or geometry. Interestingly, for this reason,
this approach may potentially admit an adaptation for axiomatising other
generalised differential cohomology theories.
Axiomatic characterization of generalised differential cohomology theories
with fiber integration, and their uniqueness has been discussed in [11].
2 Statement of Rakesh Pawar’s results
In this section, we summarize the results of [10] that we need for present
purposes. Let us begin by recalling some standard preliminary definitions
and results from homological algebra (see, for example, [12, 13]). If A is an
abelian category with enough projectives, then for any two objects P,Q in A,
one can consider the groups Extn(Q,P ) as the derived functor of the Hom
functor.
Alternatively, one can consider the group of Yoneda extensions of P by
Q as follows. Consider the set of long exact sequences ζ : 0 → P → Xn →
· · · → X1 → Q → 0. If ζ
′ : 0 → P → X ′n → · · · → X
′
1 → Q → 0 is another
such extension, a map f : ζ → ζ ′ is a collection of maps fi : Xi → X
′
i such
that the diagram
0 P Xn ... X1 Q 0
0 P X ′n ... X1 Q 0
idP fn f1 idQ
commutes. Define an equivalence relation ζ ∼ η ⇐⇒ ∃ a finite zigzag
chain ζ → α1 ← α2 → α3 ← · · · → η. Quotient of the set of extensions
considered above by this equivalence relation gives us the set of Yoneda
extensions ExtnY oneda(Q,P ). On this set, define addition as ζ + ζ
′ = [0 →
P → Yn → X
′
n−1 ⊕Xn−1 → · · · → X
′
2 ⊕X2 → Y1 → Q→ 0]. Here Y1 is the
pullback X1 ×Q X
′
1, and Yn is the quotient by a skew diagonal copy of P , of
the pushout of P → Xn and P → X
′
n. The set Ext
n
Y oneda(Q,P ) becomes an
abelian group under this operation. If the category A has enough projectives,
then ExtnY oneda(Q,P ) is isomorphic to Ext
n(Q,P ) (see, for example, section
3.4 of [12]). Throughout this article we shall assume that the category A has
enough projectives.
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Proposition 1. (Rakesh Pawar) : Let A be an abelian category. Let Dia-
gram 1 have exact rows and columns of objects of A. The diagram 1 extends
to diagram 2 with exact rows and columns if and only if the Baer sum of
[E] ∪ [F ] and [H ] ∪ [G] is zero in Ext2(Q,P ).
In [10], this proposition is stated for small categories, however as noted
in the remark 3.3 of [10], the result holds good for general abelian categories.
Stating the uniqueness theorem requires a bit of background. First pull back
the exact sequence 0→ R→ F → Q→ 0 by the map G→ Q to get :
0 R Y G 0
0 R F Q 0
idR
Applying the Snake lemma, Rakesh Pawar obtains
0 0
R R 0
0 S Y F 0
0 S G Q 0
0 0 0
idR
idS
. The injective maps R → Y , and S → Y induce a map R ⊕ S induce a
short exact sequence 0 → R ⊕ S → Y → Q → 0. Applying the functor
Hom(−, P ), one obtains the long exact sequence
· · · → Hom(R⊕ S, P )
α
−→ Ext1(Q,P )
β
−→ Ext1(Y, P )→ · · · . (4)
Proposition 2. (Rakesh Pawar) If the map α is surjective, then [X ] ∈
Ext1(Y, P ) is unique.
Thus if X1 is another abelian group together with maps i1, j1, m1, n1,
then [X ] = [X1] ∈ Ext
1(Y, P ). Equivalently there is an abelian group iso-
morphism φ : X → X1 such that the diagram
6
0 P X Y 0
0 P X1 Y 0
idP φ idY
commutes. Since Y is the pullback
Y = F ×
Q
G F
G Q
,
it follows that the morphism φ is compatible with (m,m1) and (n, n1) i.e.
m1 ◦ φ = m and n1 ◦ φ = n, and that φ ◦ i|P = i1|P , φ ◦ j|P = j1|P . (Here we
are considering P as a subgroup of H via µ, and of E via ν.) Alternatively
we could say that φ ◦ i ◦ µ = i1 ◦ µ, and φ ◦ j ◦ ν = j1 ◦ ν. However, we need
a stronger compatibility result for our purposes : φ ◦ i = i1, and φ ◦ j = j1.
We obtain this in the next section.
3 Existence and uniqueness results for differ-
ential cohomology theories
Let (X1, i1, j1, m1, n1) and (X2, i2, j2, m2, n2) be two extensions of Diagram
1. Let us say that an isomorphism φ : X1 → X2 is a compatible isomorphism
between these two extensions if φ◦i1 = i2, φ◦j1 = j2, m2◦φ = m1, and n2◦φ =
n1. The following proposition gives a necessary and sufficient criterion for an
extension (assuming it exists) to be determined upto such equivalence.
Proposition 3. Suppose (X1, i1, j1, m1, n1) is an extension of Diagram 1.
Let E1 = j1(E) ⊂ X1, and H1 = i1(H) ⊂ X1. The the following are equiva-
lent :
1. For any other extension (X2, i2, j2, m2, n2) of the diagram, there exists
an isomorphism φ : X1 → X2 compatible with the two extensions.
2. The map Hom(R⊕S, P )
α
−→ Ext1(Q,P ) is surjective, and every homo-
morphism λ : E1 +H1 → P which vanishes on P1 ⊂ E1 + H1 admits
an extension Λ : X1 → P .
Proof. We shall show that (2) =⇒ (1). The other direction follows by
retracing the steps of the proof.
By Rakesh Pawar’s result 2, there is an isomorphism φ : X1 → X2 such
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that m2 ◦ φ = m1, and n2 ◦ φ = n1. The strategy is to find a morphism
η : X1 → X2 such that the morphism φ
′ ≡ φ+η is a compatible isomorphism
i.e. φ′ ◦ i1 = i2, φ
′ ◦ j1 = j2, m2 ◦ φ
′ = m1, and n2 ◦ φ
′ = n1.
0 0 0
0 P E R 0
0 H X1 F 0
X2
0 S G Q 0
0 0 0
ν
µ j1
j2i1
i2
m1
φ
n1
m2
n2
For convenience, let us denote P1 ≡ i1 ◦ µ(P ) = j1 ◦ ν(P ) ⊂ X1, and P2 ≡
i2◦µ(P ) = j2◦ν(P ) ⊂ X2. Similarly let E1 = j1(E), E2 = j2(E), H1 = i1(H),
and H2 = i2(H).
Now consider j˜ = j2−φ◦j1 : E → X2. Note thatm2◦j˜ = m2◦j2−m2◦φ◦j1 =
m2 ◦ j2−m1 ◦ j1 = 0, and n2 ◦ j˜ = n2 ◦ j2−n2 ◦φ ◦ j1 = m2 ◦ j2−n1 ◦ j1 = 0.
Thus j˜(E) ⊂ P2. Similarly i˜(H) ⊂ P2. Also note that since φ ◦ i1|P = i2|P
and φ ◦ j1|P = j2|P (by the discussion after proposition 2), we conclude that
j˜|P = 0 = i˜|P . Hence, i˜+ j˜ : E1 +H1 → X2 is a well defined abelian group
homomorphism taking values in P2. Here we have identified E with E1, and
H with H1, for notational simplicity we use the same notation for the maps
i˜ and j˜. We thus have a commutative diagram :
0 E1 +H1 X1
P2
i˜+j˜
η
By hypothesis, there exists an extension η : X1 → X2. Let φ
′ ≡ φ+ η. Then
φ′ ◦ i1 = φ◦ i1+η ◦ i1 = φ◦ i1+(i2−φ◦ i1) = i2, and φ
′ ◦ j1 = φ◦ j1+η ◦ j1 =
φ◦ j1+(j2−φ◦ j1) = j2. Further since η takes values in P2, m2 ◦η = 0. Thus
m2 ◦ φ
′ = m2 ◦ φ+m2 ◦ η = m2 ◦ φ = m1, and similarly n2 ◦ φ = n1. φ
′ is an
isomorphism by the three lemma. Hence φ′ is a required isomorphism.
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Corollary 4. If P is an injective object, there exists an extension of the
diagram 1. Further for any two such extensions, there exists a compatible
isomorphism between them.
LetMan be the category of smooth manifolds and smooth maps between
them, and let Ab be the category of abelian groups and group homomor-
phisms.
3.1 The case of differential characters
As noted in the introduction, the Deligne cohomology groups defined as hy-
percohomology of a certain double complex [3] are isomorphic to the differ-
ential character groups Hˆk(M ;R/Z) defined by Cheeger-Simons. Similarily,
the de Rham-Federer currents [4, 5] too provide a model of differential coho-
mology. In order to compare various models, it is important to axiomatically
characterize ordinary differential cohomology. In [7] Simons and Sullivan
define :
Definition 5. A functor Hˆk from Manop to Ab, together with natural trans-
formations i, j, c, curv is called a differential character functor if the following
diagram in Fun(Manop,Ab)
0 0
 
  ✒
❅
❅❅❘
Ωk−1(−)
Ωk−1
0
(−)
✲ Ωk0(−)d
 
  ✒ ❅
❅❅❘
β i
 
  ✒ ❅
❅❅❘
curv
s
 
  ✒ ❅
❅❅❘
Hk−1(−;R) Hˆk(−;R/Z) Hk(−;R)
❅
❅❅❘
α
 
  ✒ ❅
❅❅❘
j c
 
  ✒ ❅
❅❅❘
r
 
  ✒
Hk−1(−;R/Z) ✲ Hk(−;Z)
−B
❅
❅❅❘  
  ✒
0 0
commutes and has exact diagonals.
and prove
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Proposition 6. If Hˆ1(−) and Hˆ2(−) are two differential character functors
from Manop to Ab together with the natural transformations (i1, j1, c1, curv1)
and (i2, j2, c2, curv2) (respectively), then there exists a unique natural equiv-
alence ψ : Hˆ1 → Hˆ2 which is compatible with the given maps i.e. ψ ◦ i1 =
i2, ψ ◦ j1 = j2, c2 ◦ ψ = c1, and curv2 ◦ ψ = curv1.
Here, we observe that the following proposition is a direct consequence of
Rakesh Pawar’s results 1,2
Proposition 7. Let M be a smooth manifold. Then there exists a group G
together with maps i, j, c, curv such that the following diagram commutes and
has short exact diagonals :
0 0
 
  ✒
❅
❅❅❘
Ωk−1(M)
Ωk−1
0
(M)
✲ Ωk0(M)
d
 
  ✒ ❅
❅❅❘
β
i
 
  ✒ ❅
❅❅❘
curv s
 
  ✒ ❅
❅❅❘
Hk−1(M ;R) G Hk(M ;R)
❅
❅❅❘
α
 
  ✒ ❅
❅❅❘
j c
 
  ✒ ❅
❅❅❘
r
 
  ✒
Hk−1(M ;R/Z) ✲ Hk(M ;Z)
−B
❅
❅❅❘  
  ✒
0 0
Furthermore, if G′ is any other abelian group together with maps i′, j′, c′, curv′
which make the diagram commute and have short exact diagonals, then there
exists an isomorphism φ : G → G′ such that φ ◦ i = i′, φ ◦ j = j′, c′ ◦ φ = c,
and curv′ ◦ φ = curv.
Proof. First, note that the diagram above can be redrawn [14] as :
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0 0 0
0 H
k−1(M ;R)
Hk−1(M ;Z)
Ωk−1(M)
Ωk−1
0
(M)
dΩk−1(M) 0
0 Hk−1(M ;R/Z) G Ωk0(M) 0
0 Ext(Hk−1(X ;Z),Z) H
k(M ;Z) Hom(Hk(X ;Z),Z) 0
0 0 0
i
j curv
c
The proposition follows from corollary 4 by noting that P = H
k−1(M ;R)
Hk−1(M ;Z)
is
divisible, and hence injective.
Note that the proposition 7 is weaker than the Simons-Sullivan theorem
6. The full Simons-Sullivan theorem is a statement about functors. We
therefore consider the category of functors Fun(Manop,Ab). This is an
abelian category, having enough projectives and enough injectives [15, 16].
Therefore by proposition 3, we have the following
Proposition 8. The following are equivalent :
1. The Simons-Sullivan hexagon diagram uniquely determines the functor
Hˆn(M ;R/Z) upto a compatible natural equivalence.
2. The natural transformationHom(dΩn−1(−)⊕Ext(Hn−1(−;Z),Z),
Hn(−;R)
Hn(−;Z)R
)
α
−→
Ext(Hom(Hn(−,Z)),
Hn(−;R)
Hn(−;Z)R
) is an epimorphism in Fun(Manop,Ab),
and every natural transformation from Hom(Hk−1(−;R/Z) + Ω
k−1(−)
Ωk−1
0
(−)
)
to H
n(−;R)
Hn(−;Z)R
which vanishes on H
n(−;R)
Hn(−;Z)R
extends to a natural transfor-
mation on Hˆn(−;R/Z).
In this proposition, the hom sets are in the Fun(Manop,Ab) category.
The functor H
n(−;R)
Hn(−;Z)R
is considered as a subobject of the functorHk−1(−;R/Z)+
Ωk−1(−)
Ωk−1
0
(−)
which in in turn a subobject of Hˆn(−;R/Z).
As we have seen in the proof of proposition 7 the corresponding question
in the category Ab is trivial since H
n−1(M ;R)
Hn−1(M ;Z)R
is divisible and hence injective.
However, it is difficult to see whether or not the functor H
n−1(−;R)
Hn−1(−;Z)R
is an
injective object in Fun(Manop,Ab).
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3.2 The case of differential K-theory
Complex topological K-theory too admits a differential refinement called dif-
ferential K-theory. For a survey of various models of differential K-theory,
see [17]. In [9], Simons and Sullivan develop a model of differential K-theory
for compact manifolds as the Grothendieck completion of the semigroup of
’structured vector bundles’ and show that this group fits into a hexagon
diagram :
Proposition 9. The differential K-groups fit into the hexagon diagram
0 0
 
  ✒
❅
❅❅❘
Ωodd(M)
ΩGL(M)
✲ ΩBGL(M)d
 
  ✒ ❅
❅❅❘
ζ i
 
  ✒ ❅
❅❅❘
curv s
 
  ✒ ❅
❅❅❘
Hodd(M ;C) Kˆ(M) Heven(M ;C)
❅
❅❅❘
χ
 
  ✒ ❅
❅❅❘
j δ
 
  ✒ ❅
❅❅❘
r
 
  ✒
K(C/Z)(M) ✲ K(M)−B
❅
❅❅❘  
  ✒
0 0
Differential K-theory hexagon diagram
Here χ is reduction mod Z, and ζ is induced by the de Rham map.
For a fuller description of the terms and maps in this diagram, see [9].
Throughout this subsection, i.e. in the context of differential K−theory, M
is assumed to be a compact manifold. Simons and Sullivan ask whether the
diagram determines the groups Kˆ(M) upto isomorphism compatible with
the other maps in the diagram. The following proposition provides a partial
answer to their question.
Proposition 10. If Kˆ ′(M) is any other abelian group together with maps
i′, j′, δ′, curv′ which makes the above hexagon diagram commute, and have
short exact diagonals, then there exists an isomorphism φ : Kˆ(M)→ Kˆ ′(M)
such that φ ◦ i = i′, φ ◦ j = j′, δ′ ◦ φ = δ, and curv′ ◦ φ = curv.
Proof. The diagram can be redrawn as
12
0 0 0
0 H
odd(M ;C)
ker(χ)=ker(ζ)
Ωodd(M)
ΩGL(M)
ker(s) 0
0 K(C/Z) Kˆ(M) ΩBGL(M) 0
0 im(B) K(M) im(r) = im(s) 0
0 0 0
i
j
δ
curv
The proposition follows from corollary 4 by noting that P = H
odd(M ;C)
ker(χ)=ker(ζ)
is
divisible and hence an injective object in Ab.
This is weaker than the claim of uniqueness of the functor Kˆ. Consider
the functor category Fun(Manopcpt,Ab). From 3, we note the following
Proposition 11. The following are equivalent :
1. If Kˆ ′(−) is another functor from Manopcpt to Ab together with natural
transformations i′, j′, δ′, curv′ which fit in the hexagon diagram with
exact diagonals, then there is a natural equivalence φ : Kˆ(−)→ Kˆ ′(−)
such that φ ◦ i = i′, φ ◦ j = j′, δ′ ◦ φ = δ, and curv′ ◦ φ = curv.
2. The natural transformation Hom(R ⊕ S, P )
α
−→ Ext1(Q,P ) is an epi-
morphism in Fun(Manopcpt,Ab), and every natural transformation from
E + H to P which vanishes on P extends to a natural transforma-
tion on X where P = H
odd(−;C)
ker(χ)=ker(ζ)
, E = Ω
odd(−)
ΩGL(−)
, H = K(C/Z)(−), R =
ker(s), S = im(B), and X = Kˆ(−) ∈ Fun(Manopcpt,Ab).
Like in proposition 8, we consider P as a subobject of E+H , which is in
turn a subobject of X .
A stronger and more general result showing the uniqueness of the differential
version of exotic cohomology theories with integration (and hence differential
K-theory functor, in particular) has been proved in [11] by a different method.
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